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First, Thanks!
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My goal for today:
To show that Lesson Study and the
TRU framework are a marriage
made in heaven.

What really maGers in
Lesson Study?
Lesson Study is a collegial acJvity.
Teachers are honored as professionals.
The goal is enhanced student and teacher learning.
More speciﬁcally, there is:
• An emphasis on richly conceived and connected
mathemaJcs.
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What really maGers in
Lesson Study (conJnued)?
• A central focus on student thinking, in the
service of students developing powerful
mathemaJcal understandings.
• Careful aGenJon to the acJviJes students will
engage with, to support that learning. (Research
lessons, aimed)
• Careful reﬁnement of research lessons, based
on evidence of how students interact with the
lesson.

That is:
Working on a Lesson Study lesson
provides a “deep dive” into student
thinking about important
mathemaJcs, working on how to
“meet students where they are.” It
does so as part of a PLC.
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Now I’ll turn to TRU.
Let’s begin with this quesJon:

If you had 5 things to focus on in order
to improve students’ classroom
learning, what would they be?
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And,
How would you know
they’re the right things, or that you’re
not missing anything important?

Why 5 (or fewer)?
It’s as many as most folks can keep in
mind. (In fact, it may be too many to work
on at one Jme.)
If you have 20, you might as well have
none. People can’t keep that many things
in their heads, and long check lists don’t
help. What maGers is what people can act
on, in teaching and coaching.
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What properJes should those 5
things have?
They’re all you need (there’s nothing
essenJal missing).
They each have a certain “integrity” and
can be worked on in meaningful ways.
Their framing supports professional
growth.

You’re about to meet the
Teaching for Robust Understanding
of Mathematics
(TRU Math)
framework
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If we had a lot of Jme, we would look
at a bunch of videos and discuss what
we see in them.

But we don’t. So, I’ll show snippets
from two lessons you may be
familiar with, and focus on a 6th
grade classroom you may know.
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Tape 1:
The TIMSS Geometry Video
This is a typical U.S. lesson about
ﬁnding the values of complementary,
supplementary, and verJcal angles.

The TIMSS Geometry Video
Find the measure of all angles
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The Geometry Lesson

Tape 2: The Border Problem
from Connecting Mathematical Ideas
by Jo Boaler and Cathy Humphreys

Here’s a 10 x 10 grid.
How many border
squares are colored
in?
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The Border Problem Lesson

Tape 3: a 6th grade classroom at Reinberg
Elementary School.

The context:
a “FormaJve Assessment Lesson”
enJtled “translaJng between
fracJons, decimals, and percents.”
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This lesson is available
for free, along with 99
other formaJve
assessment lessons
(a.k.a. “Classroom
Challenges”). Just
google “mathemaJcs
assessment” to ﬁnd
the MathemaJcs
Assessment Project
website.
To date we have more
than 5,000,000 lesson
downloads. (More
later.)

The task starts with decimals and percents.

P-22
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Working Together 1
Take turns to:
1. Fill in the missing decimals and percents.
2. Place a number card where you think it goes on the table,
from smallest on the left to largest on the right.
3. Explain your thinking.
4. The other members of your group must check and challenge
your explanation if they disagree.
5. Continue until you have placed all the cards in order.
6. Check that you all agree about the order. Move any cards you
need to, until everyone in the group is happy with the order.
P-23

Then students are given area cards,
Area A

Area B

Area C

Area D

Area E

Area F

Area G

Area H

Area I

P-24
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FracJon cards,

3
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6
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5
4

1
8
P-25

And scales,
Scale A

0

Scale B

1

Scale D

0

Scale E

1

Scale G

0

Scale C

1

0

0

Scale H

0

1

Scale F

1

0

1

Scale I

1

And asked to order them all.
P-26
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Working Together 2
Take turns to:
1. Match each area card to a decimals/percents card.
2. Create a new card or fill in spaces on cards until all the cards
have a match.
3. Explain your thinking to your group. The other members of
your group must check and challenge your explanation if they
disagree.
4. Place your cards in order, from smallest on the left to largest
on the right. Check that you all agree about the order. Move
any cards you need to, until you are all happy with the order.
P-27

The complete answer set
(decimals, %, fracJons, area, measure)
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Every Jme a group looks at videos,
there are lots of comments about what
the teachers are doing, and what it
must feel like to be a student in their
classrooms.
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And every Jme, it is easy to organize
everything they say into ﬁve categories:

The
Mathema)cs
Is it important,
coherent, connected?
Where are the big
ideas? Are there
opportuniJes for
thinking and problem
solving?
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Cogni)ve
Demand
Do the students
have opportuniJes
for sense making –
for “producJve
struggle,” engaging
producJvely with
the mathemaJcs?

Access and
Equity
Who parJcipates,
in what ways? Are
there
opportuniJes for
every student to
engage in sense
making?
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Agency and
Iden)ty
Do students have the
opportuniJes to do
and talk mathemaJcs?
Do they come to see
themselves as “math
people,” or people
who cannot do
mathemaJcs?

Forma)ve
Assessment
Does classroom
discussion reveal what
students understand,
so that instrucJon can
be adjusted for
purposes of helping
students learn?
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These are the ﬁve dimensions of
Teaching for Robust Understanding
of MathemaJcs, or …
– TRU Math –

The Five Dimensions of Mathematically Powerful Classrooms
The Mathema)cs
The extent to which
the mathema1cs
discussed is focused
and coherent, and
to which
connec1ons
between
procedures,
concepts and
contexts (where
appropriate) are
addressed and
explained. Students
should have
opportuni1es to
learn important
mathema1cal
content and
prac1ces, and to
develop produc1ve
mathema1cal
habits of mind.

Cogni)ve
Demand
The extent to which
classroom
interac1ons create
and maintain an
environment of
produc1ve
intellectual
challenge conducive
to students’
mathema1cal
development. There
is a happy medium
between spoonfeeding
mathema1cs in
bite-sized pieces
and having the
challenges so large
that students are
lost at sea.

Access to
Mathema)cal
Content
The extent to which
classroom ac1vity
structures invite and
support the ac1ve
engagement of all
of the students in
the classroom with
the core
mathema1cs being
addressed by the
class. No maCer
how rich the
mathema1cs being
discussed, a
classroom in which
a small number of
students get most of
the “air 1me” is not
equitable.

Agency, Authority,
and Iden)ty

Forma)ve
Assessment

The extent to which
students have
opportuni1es to
conjecture, explain,
make mathema1cal
arguments, and build
on one another’s
ideas, in ways that
contribute to their
development of
agency (the capacity
and willingness to
engage
mathema1cally) and
authority (recogni1on
for being
mathema1cally solid),
resul1ng in posi1ve
iden11es as doers of
mathema1cs.

The extent to
which the teacher
solicits student
thinking and
subsequent
instruc1on
responds to those
ideas, by building
on produc1ve
beginnings or
addressing
emerging
misunderstanding
s . Powerful
instruc1on “meets
students where
they are” and
gives them
opportuni1es to
move forward.
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Please note:
Text is linear, while the ideas aren’t.
So you might think of it this way,
with the content at the center.
It’s all connected.

TRU:

CogniJve
Demand

Agency
The
Access MathemaJcs Authority
IdenJty
FormaJve
Assessment
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What’s New, What’s Different?
In a sense, nothing.

That is,
You should recognize and
resonate to everything in TRU.
It captures what we know is
important. It doesn’t offer any
“magic bullets” or surprises.
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So, What’s Different?
TRU is:
- Comprehensive - Easy to remember - Easy to work on/with - It’s a natural frame for PD -

Any classroom, from pre-K through
graduate school, that does well on
these ﬁve dimensions, will produce
students who are powerful
mathemaJcal thinkers.
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So much evidence, so liGle Jme…
See
hGp://map.mathshell.org
and
hGp://ats.berkeley.edu
for evidence, and for the tools I’m
about to show you.

Before proceeding, it’s ESSENTIAL to
understand:
TRU is NOT a tool or set of tools.
TRU is a perspecJve regarding what
counts in instrucJon, and
TRU provides a language for talking
about instrucJon in powerful ways.
With this understanding, you can make
use of any producJve tools wisely.
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But, we have tools.
(of course.)
TRU contains and aligns with a large
set of tools produced by the
MathemaJcs Assessment and the
Algebra Teaching Study Projects.

Tools
a. Tools for instrucJon
b. Tools for planning and
reﬂecJon
c. Tools for observaJons
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a. Tools for Instruction
• 100 Forma1ve Assessment
Lessons
• Support rich student
engagement along the TRU
dimensions
• More than 5,000,000
downloads
• Strong documented student
learning gains
• Download for free at
hGp://map.mathshell.org/
lessons.php

b. Tools for Planning and Reflection
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• The TRU Math ConversaJon
Guide.
• The TRU dimensions become
arenas for teachers to reﬂect
on their own teaching:
– in planning,
– in reﬂecJng on how things
have gone
– in thinking about next steps.

TRU Math Conversation
Guide:
A Tool for Teacher Learning and Growth1
%
%
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Start with the core questions:
The Mathema)cs
How do mathema1cal ideas from this unit/course develop in this
lesson/lesson sequence?

Cogni)ve Demand
What opportuni1es do students have to make their own sense of
mathema1cal ideas?

Access to Mathema)cal Content
Who does and does not par1cipate in the mathema1cal work of the
class, and how?

Agency, Authority, and Iden)ty
What opportuni1es do students have to explain their own and respond
to each other's mathema1cal ideas?

Uses of Assessment
What do we know about each student's current mathema1cal thinking,
and how can we build on it?

. . . and expand them.
Before a lesson, you can ask:
• How can I use the five dimensions
to enhance my lesson planning?
After a lesson, you can ask:
• How well did things go? What can I
do better next time?
Planning next Steps, you can ask:
• How can I build on what I’ve
learned?
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I’ll show you what the conversaJon guide
looks like, and make a quick stop at
“access” to illustrate the kind of
conversaJons it’s intended to support.
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TRU Math Conversation
Guide:
A Tool for Teacher Learning and Growth1

The Mathema)cs
Core Ques)on: How do mathema)cal ideas from this unit/course develop in this lesson/lesson sequence?

Students o*en experience mathema3cs as a set of isolated facts, procedures and concepts, to be
rehearsed, memorized, and applied. Our goal is to instead give students opportuni3es to
experience mathema3cs as a coherent and meaningful discipline. This means iden3fying the
important mathema3cal ideas behind facts and procedures, highligh3ng connec3ons between skills
and concepts, and rela3ng concepts to each other—not just in a single lesson, but also across
Ques)on:
opportuni)es
do students
have to important
make their own
sense of mathema)cal
ideas
lessons and units.Core
It also
meansWhat
engaging
students
with centrally
mathema3cs
in an
ac3ve way, so that they can make sense of concepts and ideas for themselves and develop robust
want students to engage authen.cally with important mathema.cal ideas, not simply receive
networks ofWe
understanding.
knowledge. This requires students to engage in produc.ve struggle. They need to be supported in
The
Mathema)cs
these struggles so that they
aren’t
lost, but at the same .me, support should maintain students’
opportuni.es to grapple with
important
ideas
and diﬃcult problems.
Finding
balance is diﬃcult,
Pre-observa)on
Reﬂec)ng
A7er
a Lesson
Planning
NextaSteps
but our goal is to help students understand the challenges they confront, while leaving them room
How will important mathema3cal CoreHow
did students opportuni)es
actually engage
How have
can we
the own and respond to each other’s
Ques)on:
do students
to connect
explain their
to make their own sense
of thoseWhat
challenges.
ideas develop in this lesson and
with important mathema3cal ideas mathema3cal ideas that surfaced in

Cogni&ve Demand

%
%
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students should have access to opportuni2es to develop their own understandings of rich
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mathema2cs, and to build produc2ve mathema2cal iden22es. For any number of reasons, it can be
%

Access to Mathema,cal Content

extremely diﬃcult to provide this access to everyone, but that doesn’t make it any less important!
@455*,(*<%=/('(/01Z%
We want to challenge ourselves to recognize who has access and when. There may be
%
mathema2cally rich discussions or other mathema2cally produc2ve ac2vi2es in the classroom—but
O'+</15*.8%\M8%]%G04/*8%CM%!"#$%&'($;*+,-./&'0*+$9203-7$6$'**5$=*.$'-&;(-.$5-&.+0+9$&+3$9.*>'(M%
who
gets to par2cipate in them? Who might beneﬁt from diﬀerent ways of organizing classroom
O*.P*+*A8%N2%]%\M%G'1,/158%&LZ%E.'<4'(*%@=)00+%0>%\<4='(/018%$1/Q*.,/(A%0>%N'+/>0.1/'8%O*.P*+*A%]%
ac2vity?
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Access to Mathema,cal Content

'1<[0.%)((3Z[[S'3MS'(),)*++M0.5[S'(*./'+,[3<M3)3M%
%
")/,%S'(*./'+%S'A%?*%.*3.0<4=*<%'1<%</,(./?4(*<8%X/()04(%S0</>/='(/018%>0.%101H=0SS*.=/'+%34.30,*,M%
Pre-observa,on
Reﬂec,ng A8er a Lesson
Planning Next Steps
2++%0()*.%./5)(,%.*,*.Q*<M$$
What
opportuni2es exist for each
Who did and didn’t par2cipate in
How can we create opportuni2es for
"
"
student
to par2cipate in the
the mathema2cal work of the class, each student to par2cipate in the
mathema2cal
work of the class?
and how?
mathema2cal work of the class?
""""""""""""""""""""""""""""""""""""""""""""""""""""""""
!"^04%'.*%.*'</15%()*%>/.,(%34?+/=%Q*.,/01%0>%()/,%=01Q*.,'(/01%54/<*M%_*%)03*%()'(%.*>+*=(/15%01%(*'=)/15%/1%()*%X'A,%
Think
about:

o ,455*,(*<%)*.*%X/++%?*%3.0<4=(/Q*M%_*%'+,0%X*+=0S*%=0SS*1(,%'1<%,455*,(/01,%>0.%/S3.0Q*S*1(M%K+*',*%=01('=(%C/=0+*%
The range of ways students can and do par2cipate in the mathema2cal work of the class (talking, wri2ng, leaning in, listening
" manipula2ves, connec2ng diﬀerent strategies, etc.).
BCGG`?*.P*+*AM*<4R%'1<%\Q.'%B*Q.'`?*.P*+*AM*<4R%X/()%A04.%>**<?'=PM
hard; manipula2ng symbols, making diagrams, interpre2ng graphs, using
o Which students par2cipate in which ways.
!"
o Which students are most ac2ve when, and how we can create opportuni2es for more students to par2cipate more ac2vely.
o What opportuni2es various students have to make meaningful mathema2cal contribu2ons.
o Language demands and the development of students' academic language.
o How norms (or interac2ons, or lesson structures, or task structure, or par2cular representa2ons, etc.) facilitate or inhibit
par2cipa2on for par2cular students.
o What teacher moves might expand students' access to meaningful par2cipa2on (such as modeling ways to par2cipate, providing
opportuni2es for prac2ce, holding students accountable, poin2ng out students' successful par2cipa2on).
o How to support par2cular students we are concerned about (in rela2on to learning, issues of safety, par2cipa2on, etc.).

Agency, Authority, and Iden2ty

unit?

in this lesson?

mathema)cal ideas?
this lesson to future lessons?

Cogni&ve
Many students have nega.ve
beliefsDemand
about themselves and mathema.cs, for example, that they

Think about:
are “bad at math,” or thatReﬂec&ng
math isA7er
just aaLesson
bunch of facts and formulas
thatSteps
they’re supposed to
Pre-observa&on
Planning Next
o The mathema3cal goals for the lesson.
memorize.
Our
goalWhat
is this
toopportuni.es
support
alldid
students—especially
those
who
haveopportuni.es
not been successful with
What opportuni.es
will students
have
studentsideas
have in past
Howand
can
we
create
more
o What connec3ons
exist among
important
ideas
in
lesson and
important
future
lessons.
to procedures
make their own
sense
of important
make
their
own with
sense
of important
for students agency
to make their
sense We want
in the to
past—to
develop
aimportant
sense
of ideas.
mathema.cal
and own
authority.
o How math
inmathema.cs
the
lesson
are jus3ﬁed
and
connected
mathema.cal ideas?
of important
ideas?
students
to come
tomathema.cal
see themselves
mathema.cally
capable mathema.cal
and competent—not
by giving them
o How we see/hear
students
engage with
mathema3cal
ideas ideas?
duringas
class.
Core important
Ques)on:
What dothem
we know
about each student’s
current
mathema)cal
thinking,
o Which students get to engage
with
mathema3cal
ideas.
easy deeply
successes,
but
by engaging
as sense-makers,
problem
solvers,
and creators
of and how can we
Think about:
build on
it?
o How future
instruc3on could
create
opportuni3es
for more
students to engage more deeply
with
mathema.cal
ideas.to struggle
o What opportuni.es
exist for students
with mathema.cal ideas.
mathema3cal
ideas.
o How
students' struggles may support their engagement with mathema.cal ideas.

Forma&ve Assessment

o
o
o
o
o
o

We want instruc-on to be responsive to students’ actual thinking, not just our hopes or

Agency, Authority, and Iden2ty

How the teacher responds to students’ struggles and how these responses support students to engage without
assump-ons about what they do and don’t understand. It isn’t always easy to know what students
removing struggles.
Pre-observa2on
Reﬂec2ng
A:er a Lesson
Planning
Next Steps
are thinking,
much
lesstexts,
to use
this
informa-on
to various
shape representa.ons,
classroom ac-vi-es—but
we can cra@ tasks
What resources (other students,
the teacher,
notes,
technology,
manipula.ves,
etc.)
and
ask
purposeful
ques-ons
give us insights
into the strategies
studentscan
arewe
using,
the
are availableWhat
for students
to use
when
they
encounter
struggles.
opportuni.es
exist
in the
What that
opportuni.es
did students
What opportuni.es
create
in depth
What resources
students
actually
and howtheir
they
might
be to
supported
beGer
use ofisresources.
of
theiruse
conceptual
understanding,
andto
somake
on.
Our
tofuture
then use
those
insights
to guide
lesson
for students
to
explain
have
explain
their
own
andgoal
lessons
for more
students
to our
Which students
get
to
engage
deeply
withother’s
mathema.cal
own and respond
to each
respond
to ideas.
each
other’s
explain
their own andpar-al
respond
to
instruc-on,
notimportant
just to ﬁx
mistakes
but to
integrate students’
understandings,
though
they
How future instruc.on could create opportuni.es for more students to engage more deeply with mathema.cal ideas.
mathema.cal
ideas?
mathema.cal ideas?
each other’s mathema.cal ideas?
may
be,beand
build
on them.
What community norms seem
to
evolving
around
the value of struggle and mistakes.

Think about:
o Who generates the mathema.cal ideas that get discussed.
o Who evaluates and/or
responds to others' ideas. Reﬂec&ng A5er a Lesson
Pre-observa&on
Planning Next Steps
o How deeply students get to explain their ideas.
What
do we
know about
each ideas (evalua.ng,
What did we
learn in thisprobing,
lesson solici.ng
Based
on what from
we learned
o How the
teacher
responds
to student
ques.oning,
responses
other about
student’s
about each student’s mathema-cal each student’s mathema-cal
students,
etc.). current mathema-cal
thinking,
andstudents'
how doesand
thisteachers'
lesson roles
thinking?
How wasmathema.cal
this thinking built
thinking,
how can we (1) learn more
o How norms
around
in genera.ng
ideas are
developing.
build
on
it?
on?
about
it
and
(2) build on it?
o How norms around what counts as mathema.cs (jus.fying, experimen.ng, prac.cing, etc.) are developing.

Forma&ve Assessment

o

Think about:
Which students
get to explain their own and respond to others' ideas in a meaningful way.

o What opportuni-es exist for students to develop their own strategies and approaches.
o What opportuni-es exist for students to share their mathema-cal ideas and reasoning, and to connect their ideas to others’.
o What diﬀerent ways students get to share their mathema-cal ideas and reasoning (wri-ng on paper, speaking, wri-ng on the
board, crea-ng diagrams, demonstra-ng with manipula-ves, etc.).
o Who students get to share their ideas with (e.g., a partner, the whole class, the teacher).
o How students are likely to make sense of the mathema-cs in the lesson and what responses might build on that thinking.
o What things we can try (e.g., tasks, lesson structures, ques-oning prompts such as those in FALs) to surface student thinking,
especially the thinking of students whose mathema-cal ideas we don't know much about yet.
o What we know and don't know about how each student is making sense of the mathema-cs we are focusing on.
o What opportuni-es exist to build on students' mathema-cal thinking, and how teachers and/or other students take up these
opportuni-es.

27

5/10/16

Access to Mathema)cal Content
Core Ques1on: Who does and does not par1cipate in the mathema1cal work of the class, and how

All students should have access to opportuniJes to develop their own understandings of rich
mathemaJcs, and to build producJve mathemaJcal idenJJes. For any number of reasons, it can be
extremely diﬃcult to provide this access to everyone, but that doesn’t make it any less important!
We want to challenge ourselves to recognize who has access and when. There may be
mathemaJcally rich discussions or other mathemaJcally producJve acJviJes in the classroom—but
who gets to parJcipate in them? Who might beneﬁt from diﬀerent ways of organizing classroom
acJvity?

Access to Mathema)cal Content
Pre-observa)on

What opportuniJes exist for each
student to parJcipate in the
mathemaJcal work of the class?

Reﬂec)ng AFer a Lesson

Planning Next Steps

Who did and didn’t parJcipate in the How can we create opportuniJes for
mathemaJcal work of the class, and each student to parJcipate in the
how?
mathemaJcal work of the class?

Think about:

o The range of ways students can and do parJcipate in the mathemaJcal work of the class (talking, wriJng, leaning in, listening
hard; manipulaJng symbols, making diagrams, interpreJng graphs, using manipulaJves, connecJng diﬀerent strategies, etc.).
o Which students parJcipate in which ways.
o Which students are most acJve when, and how we can create opportuniJes for more students to parJcipate more acJvely.
o What opportuniJes various students have to make meaningful mathemaJcal contribuJons.
o Language demands and the development of students' academic language.
o How norms (or interacJons, or lesson structures, or task structure, or parJcular representaJons, etc.) facilitate or inhibit
parJcipaJon for parJcular students.
o What teacher moves might expand students' access to meaningful parJcipaJon (such as modeling ways to parJcipate, providing
opportuniJes for pracJce, holding students accountable, poinJng out students' successful parJcipaJon).
o How to support parJcular students we are concerned about (in relaJon to learning, issues of safety, parJcipaJon, etc.).

Imagine teachers and coaches
planning together, watching each
other teach, and debrieﬁng using
these ideas.
This can be done in lesson study
(more below), but, it can also become
an ongoing way of thinking about
teaching – every day, every class.
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c. Ways to Observe Classrooms
Here are two ways of observing:
• Observe as a teacher.
• Observe as a student.

Observe as a teacher
•
•

Are students learning important mathemaJcs?
Are opportuniJes made for meaningful connecJons?

•
•
•

How long do students spend on each prompt?
Do they engage in producJve struggle?
Do teacher quesJons invite explanaJons or answers?

Access to
Mathema)cal
Content

•
•

Are there mulJple ways to get involved producJvely?
Does the teacher ask a range of students to respond?

Agency,
Authority, and
Iden)ty

•
•

Who explains most: the teacher or the students?
Do the students give extended explanaJons?

•
•

Does the teacher follow up on student responses?
Does the teacher vary the lesson in the light of student responses?

The
Mathema)cs

Cogni)ve
Demand

Forma)ve
Assessment
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Observe as if you were a student
•
•

What’s the big mathemaJcal idea in this lesson?
How does it connect to what I already know?

•
•
•

How long am I given to think, and to make sense of things?
What happens when I get stuck?
Am I invited to explain things, or just give answers?

Access to
Mathema)cal
Content

•
•

Do I get to parJcipate in meaningful math learning?
Can I hide or be ignored?

Agency,
Authority, and
Iden)ty

•
•

Do I get to explain, to present my ideas? Are they built on?
Am I recognized as being capable and able to contribute in
meaningful ways?

•
•

Do classroom discussions include my thinking?
Does instrucJon respond to my thinking and help me think more
deeply?

The
Mathema)cs

Cogni)ve
Demand

Forma)ve
Assessment

Keeping these quesJons in mind can
help you think about your teaching,
your observing, or your coaching.
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And that’s where we cycle back to
Lesson Study.
Lesson study is a wonderful process
for deep dives into student thinking
and learning. Using the TRU
Framework names some lesson
essenJals and provides tools for
reﬂecJon and reﬁnement.
That’s why I said...

Lesson Study and the TRU
framework are a marriage
made in heaven.
I hope to pursue these issues
with you, in partnership, for
many years.
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Thanks!
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